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Counting proper colourings

G : graph on n vertices and maximum degree ∆

k: positive integer, number of colours.

ΩkpGq: set of proper vertex k-colourings of G .

Q: What is the complexity of computing |ΩkpGq|?

- Decide if |ΩkpGq| ą 0 is NP-complete (Karp, 1972).

- |ΩkpGq| is exponentially large in n.

- Computing |ΩkpGq| is 7P-complete (Valiant, 1979).
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Counting proper colourings

G : graph on n vertices and maximum degree ∆

k: positive integer, number of colours.

ΩkpGq: set of proper vertex k-colourings of G .

Q: What is the complexity of computing |ΩkpGq|?

- Decide if |ΩkpGq| ą 0 is NP-complete (Karp, 1972).

- |ΩkpGq| is exponentially large in n.

- Computing |ΩkpGq| is 7P-complete (Valiant, 1979).

Q: Is it possible to approximate |ΩkpGq| efficiently?

A fully polynomial-time randomised approximation scheme (FPRAS), is a
randomised algorithm that runs in polynomial time in n and 1{δ whose output
is p1˘ δq|ΩkpGq| with “high” probability.
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Random colourings and Glauber dynamics

A fully polynomial-time almost uniform sampler (FPAUS), is a randomised
algorithm that runs in polynomial time in n that generates an element of
ΩkpGq according to a probability distribution that is “close” to uniform.

Jerrum, Valiant, Vazirani (1986): for colourings

Approximate Counting (FPRAS) ô Approximate Sampling (FPAUS)

Q: Devise algorithm to efficiently generate an (almost) uniform colouring.

Glauber dynamics: Markov chain pXtq

with state space ΩkpGq and transitions
defined by:

- Choose u uar in V pGq.

- Choose c uar in rks.

- Let Xt`1pvq “ Xtpvq, for v ‰ u.

- If c R XtpNpuqq then Xt`1puq “ c;
otherwise Xt`1puq “ Xtpuq.
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Mixing time of Glauber dynamics

Remarks:
- k ě ∆` 1 ñ |ΩkpGq| ą 0 (greedy algorithm).
- pXtq is aperiodic, symmetric and reversible.
- k ě ∆` 2 ñ pXtq irreducible

k ě ∆` 2 ñ pXtq converges to a uniform random colouring.

Denote mixing time of Glauber dynamics by tGlau.

tGlau polynomial in n for k ě ∆` 2 ñ pXtq gives a FPAUS pñ FPRASq

If k ě ∆` 2, Glauber dynamics for k-colourings of G on n vertices satisfies

tGlaupεq “ nOp1q (stronger version: Opn log nq) .

Conjecture (Folklore)
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Previous results

Conjecture: If k ě ∆` 2, then tGlau “ nOp1q (stronger: Opn log nq).

Hayes and Sinclair (2005): if k ě ∆` 2, then tGlau “ Ωpn log nq.

Jerrum (1995) / Salas and Sokal (1997): k ą 2∆, tGlau “ Opn log nq.

Vigoda (1999): k ą 11∆{6, then tGlau “ Opn2
q.

Better bounds for classes of graphs:

- Large girth

- Planar graphs

- Trees

- Bounded treewidth

- Erdős-Rényi random graphs
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Path coupling

Bubley and Dyer (1997):

- Define pre-metric pΓ, ωq with V pΓq “ ΩkpGq and ω : EpΓq Ñ r0, 1s.

- Let d be the metric induced by pΓ, ωq on ΩkpGq using minimum weight
paths.

- Define a coupling pXt ,X
1
t q Ñ pXt`1,X

1
t`1q for XtX

1
t P EpΓq.

- If there exists α ą 0 such that for every XtX
1
t P EpΓq

Er∇pdqs :“ ErdpXt`1,X
1
t`1q ´ dpXt ,X

1
t qs ă ´α ,

then
tmix “ Opα´1 log nq .

Obstacle: atypical pairs pXt ,X
1
t q.
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Breaking the 11{6 barrier

Frieze and Vigoda (2006):

Can Vigoda’s approach be pushed below 11∆{6?

Both proofs also extend to list-colourings (only k ě 2∆ was known).
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There exists η ą 0 such that Glauber dynamics for k-colourings has mixing
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Kempe components and Flip dynamics

Kempe component: given σ P ΩkpGq, u P V pGq, c P rks

Sσpu, cq “ tv P V pGq : pσpuq, cq-alternating path between u and vu

Flip dynamics: Markov chain pYtq gov-
erned by p “ pp1, p2, . . . q with state
space ΩkpGq and transitions defined by

- Choose u uar in V pGq.

- Choose c uar in rks.

- Let S “ Sσpu, cq and ` “ |S |.
With probability p`{`, Yt`1

obtained from Yt by flipping S ;
otherwise, Yt`1 “ σ.

Also converges to a uniform colouring

Mixing time: tflip
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Glauber vs. flip dynamics

Glauber dynamics Flip dynamics with p` “ `

- If p1 “ 1, then flip dynamics embeds Glauber dynamics (tflip ď tGlau).

- Even more, flip dynamics moves even if c appears in Npvq (tflip ! tGlau).

- Assume that p` “ 0, for ` ě `0 (no big flips are allowed).

- Vigoda (1999): If k ą p1` εq∆, one can simulate each move in flip
dynamics with Op1q moves in Glauber dynamics:

tGlau “ Opn log k ¨ tflipq
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Recall: Path coupling

Bubley and Dyer (1997):

- Define pre-metric pΓ, ωq with V pΓq “ ΩkpGq and ω : EpΓq Ñ r0, 1s.

- Let d be the metric induced by pΓ, ωq on ΩkpGq using minimum weight
paths.

- Define a coupling pYt ,Y
1
t q Ñ pYt`1,Y

1
t`1q for YtY

1
t P EpΓq.

- If there exists α ą 0 such that for every YtY
1
t P EpΓq

Er∇pdqs :“ ErdpYt`1,Y
1
t`1q ´ dpYt ,Y

1
t qs ă ´α ,

then
tmix “ Opα´1 log nq .

Obstacle: atypical pairs pYt ,Y
1
t q.

Ways to overcome it:

- Burn-in method: multi-step analysis, run the chains until we reach a
typical pair (Chen, Moitra).

- Extremal metric: single-step analysis with metric tailored to favour typical
pairs (Delcourt, P., Postle).
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Pre-metric pΓ, ωq and configurations

Γ: graph on ΩkpGq where σ and τ are adjacent iff they only differ at a vertex v .

pσ, τq has an r -configuration pa1, . . . , ar ; b1, . . . , br q for c if

- Npvq X σ´1
pcq “ tw1, . . . ,wru;

- |Sτ pwi , σpvqq| “ ai for i P rr s;

- |Sσpwi , τpvqq| “ bi for i P rr s.

Let βσ,τ be the proportion of vertices w P Npvq such that σpwq “ c and the
configuration for c is extremal. For γ ą 0 sufficiently small,

ωpσ, τq :“ 1´ γp1´ βσ,τ q

We consider the pre-metric pΓ, ωq, that extends to a metric d .

dpσ, τq “ dHpσ, τq ´ dBpσ, τq

where dH is the Hamming distance. If γ “ 0, then d “ dH (Vigoda, 1999).
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Vigoda’s coupling and change of dH

Given σ, τ that differ only at v and c P rks:

- GOOD: If r “ 0, use identity coupling and dH changes by f pH;Hq “ ´1.
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Vigoda’s coupling and change of dH

Given σ, τ that differ only at v and c P rks:

- GOOD: If r “ 0, use identity coupling and dH changes by f pH;Hq “ ´1.

- BAD: If r ě 1, we couple the Sσpv , cq component with the largest of the
small ones, and similarly for τ . We couple the remaining weight
two-by-two. One can bound the change on dH by

f pa1, . . . , ar ; b1, . . . , br q

“ p
ÿ

iPrrs

ai ´ amaxqpa

looooooooomooooooooon

(1)

`p
ÿ

iPrrs

bi ´ bmaxqpb

looooooooomooooooooon

(2)

`
ÿ

iPrrs

paiqi ` biq
1
i ´mintqi , q

1
i uq

loooooooooooooooomoooooooooooooooon

(3.i)

.
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Vigoda’s coupling and change of dH

Given σ, τ that differ only at v and c P rks:

- GOOD: If r “ 0, use identity coupling and dH changes by f pH;Hq “ ´1.

- BAD: If r ě 1, we couple the Sσpv , cq component with the largest of the
small ones, and similarly for τ . We couple the remaining weight
two-by-two. One can bound the change on dH by

f pa1, . . . , ar ; b1, . . . , br q

“ p
ÿ

iPrrs

ai ´ amaxqpa ` p
ÿ

iPrrs

bi ´ bmaxqpb `
ÿ

iPrrs

paiqi ` biq
1
i ´mintqi , q

1
i uq .

- NEUTRAL: otherwise, use identity coupling and dH does not change.
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f pa1, . . . , ar ; b1, . . . , br q

“ p
ÿ

iPrrs

ai ´ amaxqpa ` p
ÿ

iPrrs

bi ´ bmaxqpb `
ÿ

iPrrs

paiqi ` biq
1
i ´mintqi , q

1
i uq .

- NEUTRAL: otherwise, use identity coupling and dH does not change.

Under the Hamming metric d “ dH (γ “ 0), if we have

f pa1, . . . , ar ; b1 . . . , br q ď κr ´ 1 .

then we get rapid mixing for k ě κ∆` 1

Er∇pdHqs ď
1

kn

ÿ

cPrks

f pconfiguration for cq ď
1

kn
pκ|Npvq| ´ kq ă ´

1

kn
“: ´α .
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Linear Programming

Minimise: κ

subject to:

f pa1, . . . , ar ; b1 . . . , br q ď κr ´ 1 for every conf.pa1, . . . , ar ; b1, . . . , br q

p1 “ 1

pi ´ pi`1 ď 0 for i ě 1

pi ě 0 for i ě 1

Number of variables and constraints depends on ∆.

Relax it to a finite LP, with same solution set.

Constraints for extremal configurations:

f p2; 1q “ p1 ´ p3 ď κ´ 1

f p3, 3; 1, 1q “ 2p1 ` 4p3 ´ p7 ď 2κ´ 1

Since p1 “ 1 and p7 ě 0, it follows that κ ě 11{6.

Moreover, if κ “ 11{6, then p3 “ 1{6 and p7 “ 0.
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Flip probabilities and expected change of dH

Vigoda: κ “ 11{6, pVig “
`

1, 13
42
, 1

6
, 2

21
, 1

21
, 1

84
, 0, 0, . . .

˘

, optimal solution,

f pa1, . . . , ar ; b1, . . . , br q ď
11

6
r ´ 1 ñ Ep∇pdHqq ď

1

kn

ˆ

11

6
∆´ k

˙

ď ´α .

κ “ 11{6 is optimal . . . but there exist infinitely many solutions!

pa1, . . . , ar ; b1, . . . , br q is p-extremal if f pa1, . . . , ar ; b1, . . . , br q “
11
6
r ´ 1.

- there are 6 pVig-extremal configurations: p2; 1q, p3; 1q, p4; 1q, p5; 1q,
p2, 2; 1, 1q and p3, 3; 1, 1q.

Delcourt, P. , Postle: κ “ 11{6, p˚ “
`

1, 185
616
, 1

6
, 47

462
, 9

154
, 2

77
, 0, 0, . . .

˘

.

- there are only 2 p˚-extremal configurations: p2; 1q and p3, 3; 1, 1q.

Using p˚, for each non-extremal r -configuration we have

f pa1, . . . , ar ; b1, . . . , br q ď
161

88
r ´ 1 .

Let ε “ 11
6
´ 161

88
« 0.00378. The expected change of dH is

knEp∇pdHqq ď
ˆ

11

6
βσ,τ `

161

88
p1´ βσ,τ q

˙

∆´ k “

ˆ

11

6
´ εp1´ βσ,τ q

˙

∆´ k
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Typical and atypical pairs and the expected change of dB

We need to prove that knEp∇pdqq ď ´α. Recall that

ωpσ, τq “ 1´ γp1´ βσ,τ q , βσ,τ fraction neigh. in extremal conf.

dpσ, τq “ dHpσ, τq ´ dBpσ, τq ,

ε “ 11{6´ 161{88 ą 0 .

Choose γ ! ε, so dB ! dH . Recall that

knEp∇pdHqq ď
ˆ

11

6
´ εp1´ βσ,τ q

˙

∆´ k

- Typical pairs pYt ,Y
1
t q satisfy βσ,τ ă 1 (positive fraction of non-extremal

configurations) and we are done.

- Atypical pairs pYt ,Y
1
t q satisfy βσ,τ « 1 (almost all configurations are

extremal), so knEp∇pdHqq “ 11
6

∆´ k.

NEUTRAL moves for dH can turn extremal configurations into
non-extremal; and this decreases the distance

knEp∇pdBqq ě Cγβσ,τ∆ ,

for some small C ą 0, and we are done.
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Conclusions

If k ě ∆` 2, Glauber dynamics for k-colourings of G on n vertices satisfies

tGlaupεq “ nOp1q (stronger version: Opn log nq) .

Conjecture (Folklore)

Vigoda (1999) : k ě 11∆{6.

Delcourt, P., Postle (2018), Chen, Moitra (2018) : k ě p11{6´ ηq∆.

At the moment η « 10´4, can we increase η?

- improve analysis in the proof.

- consider almost-extremal configurations.

Current methods do not seem to allow a substantial improvement.

New ideas?

MERCI POUR VOTRE ATTENTION
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