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1. INTRODUCTION
Let f:N — [0, oo[ be a nonzero function, let A C N and n € N. We denote

Asm)= Y fla)

ac€A,aln
and define

.. L Ae(n) - . Agf(n)
ds(A) = liminf ~ and d;(A) =limsu 2

i.e. the lower and the upper f-densities of the set A, respectively. Put moreover
Dy (A) = (ds(A), ds(A)) € {(2,); z €[0,1], y € [0,2]}.

We call Dy (A) the f-density point of the set A. Two important cases of densities

are those of asymptotic densities (denoted by d, d) with f(n) =1, n € N, and

logarithmic densities (denoted by d,d) with f(n) = %, n € N. There is a well

known relation among these four values (see, for instance, [H-Ro], p. 241-242)

(D 0 <d(A) <(A) <d(A) <d(A) <1

which holds for every A C N. Also there are known examples of sets for which
values of the asymptotic densities differ from the corresponding ones of the log-
arithmic densities. Even there exist sets with arbitrary prescribed values of all
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four densities respecting the relation (I) (see [M]). In this paper we will deal with
the class of densities determined by weight functions fu(n) = n®, « € [—1, 0.
Notice that the asymptotic densities correspond to @ = 0 and the logarithmic
densities correspond to a = —1.

In the sequel we shall write A, in place of A;_ and d,,, d,, D, in place of ds., Efa
and Dy_, respectively, and moreover we shall use the term a-density point instead
of f,-density point.

In [R] it is proved that both the upper and lower a-densities vary monotonously
with respect to the parameter a. This provides an extension of inequalities (I):
Let —1 < a < § < co. Then the inequalities

(R) dg(A) < d,(4) and da(A) < ds(A)

hold for every A C N.

A natural question arises whether the coordinates of the a-density point of the
set A depend on the parameter a continuously. The aim of the present paper is to
discuss this question. As there are no well known examples of sets with different a-
density points for o € [—1, co[, we will start with the following example. It shows
that there are sets A C N for which both functions a + d_(A) and a ~ d,(A)
are injective on [—1, c0].

[ee]

Example 1. Let a > 1 be a real number. Denote by A = | ][a?!], [a®* 1] NN,
k=0

where [r] means the integer part of the real number r, i.e. the largest integer less

than or equal to r. Then for every a € [—1, 00

1 _ aoz+1

First, let @« > —1. Then both densities can be calculated using the technique
in [M—T], integrating the function 2% in corresponding intervals and cancelling
1

the constant multipliers =

[a2k+1]

zn: Z e zn: (a2k+1)a+1 _ (a2k)a+1

_ . k=0i=[a?*]+1 . k=0
da(A) = hTIL]fLSng a2n+—1 = hTILILSOlip (a2n+1)a+1 =
> J°
j=1
n
E (a2a+2)k (a2a+2)n+1_1
1 +1 k=0 — (gt im —e=t-1
= Jim (™ 1) oy = (7 - 1) lim e =
1 . g2on+2n+20+42 qott

- qo+1 +1 nl_)H;O q2on+2ntoa+l - qo+l +1
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and, similarly, or using the fact that in this case d_(A) = Ea"a(ﬁ), we get
1
d (A) = ————.
—a( ) aa+1 +1

Calculation of d_,(A) and d_;(A) can be performed using the same technique to
get

1 —
dy(A)= 5 = da(4).
Notice that the same result can be obtained using Theorem 2 below on continuity
at & = —1, as the set A fulfils its assumptions and
a*t! ) 1 1

li — =1 —_ = .
a1+ @ 41 aotit @t 41 2
2. CONTINUITY ON | — 1, 00]

We are now going to answer to the question about the continuity of dependence of
a- density points on the parameter . First we will consider the case o €] — 1, 0.

Theorem 1. Let o €] — 1,00[ and § > 0. Then for every set A C N

20 = = 20
_ A)| < .
a+1 and  [da(4) = dass )l—a+1

|d

Lo

(4) = doys(A)] <

Remark 1. Since for all « > —1 and all § such that 0 < § < a + 1 we have
a — & > —1, the statement of the theorem can be applied for the paira — & > —1
and @ = (¢ — &) + 6 to get

() = dy s () < — 0 and [a(A) — das(A)] < —

d 29
| “a—0+1 “a—-0+1

Lo

for all A C N.

Thus we have direct consequences of the above theorem.

Corollary 1. Given a set A C N, the function o — Dy(A) is Lipschitzian on
each closed half-line [ag, co[, with ag > —1 fized.

Corollary 2. Given a set A C N, the function a — Dy(A) is continuous on
]—1, 00l

3. THE CONTINUITY AT —1
Let A be a fixed subset of N. In this section we shall study the continuity of the

a-density points as o — —11. We assume that the set A C N is neither finite nor
cofinite, so that it can be written in the form
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A=Nn(Jlan,ba)

for two suitable sequences of integers (a,),>1 and (b,),>1 such that a, < b, <
ap41 for every n. We recall that

Ny(n) = Eka, n € N.
k=1

By an application of Theorem 8.2 of [F-GA], we are able to calculate the upper
and lower a-densities of A as follows:

Theorem A.. The following relations hold

iy (Na(be) = Na(ax))

1,0 = e Zi= )
S > i=1(Na(be) — No(ak))
(1) do(A) = h;ri}s;ip N (b )

By the equivalence relations, as n — oo
N { (I+a)((n+1)*=n%*) fora>-1
" log(n + 1) — logn for a = —1
it is easily seen that, for a > —1, d(A) (resp. d,(A) ) can be also calculated as

T > et (04 — a,*?)
(2) do(A) = limsup e ,

n—o0

nol(plte 1+o
b _
(3) d,(A) = liminf k=1 (b a,™®)

),

n—00 arll+a
while, for o = —1 we have
d i > k=1 (log by —logax)

4 d_1(A) =1 =
( ) 1( ) lTILILSng logbn ’
(resp.

n—1

log by —1

(5) d_,(A) = liminf = log by —logay) 3

n—oo log ay,
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In the sequel we set, for each n,
C, =logb, —loga,; B, =logh, —logb,_1; A, =loga, —loga,_1;

we shall suppose that the sequence (Bj,),>1 is bounded (assumption (H)). This
easily implies that (A, ),>1 and (Cy)n>1 are bounded as well.

We have the following result
Theorem 2. In addition to assumption (H), suppose that
(6) L =liminfC, >0

n—0o0

Then we have

(7) lim | . (4) = -1 (4).
®) lim d,(4) =d, (4)

The following example shows that assumption (H) cannot be dropped.

Example 2. For the set A=NnN (| Jan, bn]), with

1
an = n((n — 1)1)?, b, = (n!)?
assumption (H) is not verified.

In fact we have

Cy, = log(n!)? —logn((n — 1)1)? = logn,

which is not bounded. Now, by means of Theorem A and relations (2), (3), (4)
and (5) it is easy to verify that

d_y(A) = d1(4) = d_sy () =
while, for every a > —1, we have

d

Lo

(A)=0;  du(A)=1,

hence neither function a + d_(A), a ~ d,(A) is continuous in —1.

Theorem 2 covers evidently the rather relevant case of sets such the set E, of
numbers beginning by a fixed digit r (r € {1,2,...,9}), i. e.
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o0

U 1710™ — 1, (r + 1)10™ — 1]),

but it is not useful for instance for the set of even numbers (or the set of multiples
of any other integer, of course). In fact here we have a,, = 2n — 1, b, = 2n and

liminf(log b, — loga,) = 0.
n— 00
Observe that in this case the limit

logb, —loga, T Cn
noeo log by — logbn_1  nooo B,

exists (= 1/2).
In fact, for a general set A = NN ( U ] @n, by]) the following result holds (we keep

the notations used for Theorem 2).

Theorem 3. Let assumption (H) hold and suppose that the limit
Cn

lim —
n—oo B,

exists and is equal to L. Put by = 1. Then
(1) A possesses logarithmic density d_1(A) = L;
(ii) there exists ag and positive constant ¢ such that for —1 < a < ag we have

(9) limsup ZZ:l(bi+a _ai+a) ZZ 1
nooo | Lpo (BT —0T5) Yo B

As a consequence we get

<c(l+a).

4. AN OPEN PROBLEM

Problem. We have seen that to any given set A C N we can attach a pair of
functions

dy:[-1,00[=[0,1] and da:[-1,00[—[0,1],

both continuous in the interval | — 1,00 such that d, is nonincreasing, d is
nondecreasing and d , (o) < d4(a) for all a € [-1, 0]
A natural question that arises is:
For which pairs of functions d,d with properties listed above there erists a set
A C N such that

dy=d and da=d?
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