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Setting: contact in linear elastodynamics

QCRY(d=2,3)
Findu:[0,T) x Q — R? s.t.:

r, pi —divo(u)= f in (0, T)xQ

Q o, u= 0 on (0, T)xIp
e 1 o(un= g on (0,T) xTn
~ Rigid foundation § u(0,-) = wo in

a(0,-)= wo  inQ

Contact without friction on (0, T) x I'¢:

up <0 op(u) <0 op(u)u,=0 (contact)
og(u) =0 (no friction)

with u = upn + uy , o(u)n = o,(u)n + o (u).
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Setting: contact in linear elastodynamics

Coulomb frictional case (o¢(u) # 0) on (0, T) x ['¢:

0y =0 = [o¢(u)| < —pon(u)

. 0

0 #0 = o(u) = Mo*,,(u)ﬁ
t

>0 : friction coefficient (1 = 0 <> no friction)
Remark:

» No friction — energy conservation.

» Friction — energy dissipation when slip.
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Theoretical results (without friction)

(Scalar) wave equation with unilateral constraints:

1. One dimensional case — one contact point:
Existence and uniqueness.

(Schatzman, 1980 ; Dabaghi, Petrov, Pousin, Renard, 2014)

2. N > 2 dimensional case:

Existence and uniqueness (half space).
(Lebeau, Schatzman, 1984)

Existence (bounded domain with smooth boundary).
(Kim, 1989)
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Some well-known numerical difficulties
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Discretization: method of lines.
Finite elements for space variables + time-marching schemes.

Contact condition: Lagrange multipliers or penalty.
Difficulties for the space semi-discrete problem:

1. ill-posedness with mixed FE discretization of contact
conditions

(Khenous, Laborde, Renard, 2008)
— modified mass method

2. well-posedness of discrete systems with springs

(Ballard, 2000 ; Ballard, Charles, 2014)



Some well-known numerical difficulties

7/30

Discretization: method of lines.
Finite elements for space variables + time-marching schemes.

Contact condition: Lagrange multipliers or penalty.

Difficulties for the space-time discrete problem and for some
conservative time-stepping (e.g., Crank-Nicolson).

1. Spurious oscillations on contact pressure, velocity and
displacement.

2. No energy conservation and possible blow up.

(Khenous, Laborde, Renard, 2008 ; Doyen, Ern, Piperno, 2011 ;
Krause, Walloth, 2012)



Some numerical contributions

(Non-exhaustive) list of strategies:

1. “Modify the model”
Impact law. (Paoli, 2001)
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2.1 Implicit (dissipative) time-discretization of contact term.
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(Carpenter-et-al, 1991 ; Kane-et-al, 1999 ; Dumont & Paoli,

2006 ; Deuflhard-et-al, 2008)
2.2 Velocity update method / contact condition with velocity.
(Laursen & Love, 2002 ; Laursen & Chawla, 1997)

2.3 Penalty with energy conservative schemes.
(Armero & Petécz, 1998 ; Hauret & Le Tallec, 2006)

3. “Modify the space discretization”
Modified mass method and extensions.
(Khenous, Laborde & Renard, 2008 ; Hager, Hiieber & Wohlmuth,

2008 ; Hauret, 2010 ; Renard, 2010)
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NFEM for dynamic contact

Key idea: contact condition can be reformulated as

o,,(u) = *%[Un - 'YUn(u)]Jr

(Alart & Curnier, 1988)
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NFEM for dynamic contact
Key idea: contact condition can be reformulated as
oa(u) = —L[un — 7oa(u)];
(Alart & Curnier, 1988)
Nitsche—FEM for (frictionless) dynamic contact:
Find u” : [0, T] = V/ s.t.:

(pii"(£),v") + Ag., (u"(t),v") +/ - [Py, (u"(£))]4 Pony, (v) dT
reh

= L(t)(v") vvevh
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NFEM for dynamic contact

Key idea: contact condition can be reformulated as

oa(u) = —L[un — 7oa(u)];

(Alart & Curnier, 1988)

Nitsche—FEM for (frictionless) dynamic contact:
Find u” : [0, T] = V/ s.t.:

. 1

(pi"(£),v") + Agn, (u"(t),v") +/ ” [Py, (u"(£))]+ Pey, (v") dT

Fc'th
= L)"') vvrevh

u"(0,-) =u§  0"(0,) = ixg

Notations:

> Yh = "0h

> Poy, (V") == v — O, 04(v")

> Agy, (U ) := a(u? v — Oy, op(uM)o,(vh) dT

Me

V5. H'-conformal FE space (Px—cont, k = 1,2).
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NFEM for dynamic contact
Nitsche—FEM for dynamic contact:

Find u 1 [0, T] = V/ s.t.:

- h h h h 1
(it (£),v") + Ao, (WP (1), v >+/rc%

10/30

[P, (u”(£))]+Pony, (v") dT

= L(t)(v") Vvv'ev!



NFEM for dynamic contact
Nitsche—FEM for dynamic contact:

Find u 1 [0, T] = V/ s.t.:

(pii?(£),v") + Ao, (" (£), V") + / !

— [Py, (u"(£))]+ Py, (v") dT
rec7h

= L(t)(v") Vvv'ev!

h h -h -h
u (07) = Ug u (070 =Ug
Two numerical parameters:

1. % (in v4 := Y0h): Nitsche’s parameter.
Should be small enough for well-posedness
(in the fully discrete framework).

2. ©: Select a variant.
Skew-symmetric (—1), non-symmetric (0) or symmetric (1).

(F.C., Hild & Renard, 2014)
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NFEM for dynamic contact
Nitsche—FEM for dynamic contact:

Find u 1 [0, T] = V/ s.t.:

(pii?(£),v") + Ao, (" (£), V") + / !

— [Py, (u"(£))]+ Py, (v") dT
rec7h

= L(t)(v") Vvv'ev!

h h -h -h
u (07) = Ug u (070 =Ug
Two numerical parameters:

1. % (in v4 := Y0h): Nitsche’s parameter.
Should be small enough for well-posedness
(in the fully discrete framework).

2. ©: Select a variant.
Skew-symmetric (—1), non-symmetric (0) or symmetric (1).

(F.C., Hild & Renard, 2014)

Remark: consistency for all 7o > 0 (# penalty).
10/30



NFEM for dynamic contact : frictional case

No additional difficulty ...
since the frictional contact conditions can be rewritten:

oa) = —i[un—wn(m
ou(u) = —i[ut—wt(u)l_wu)

1.
= —;[Ut - ')’Ut(u)],u[un—”ﬂfn(u)]Jr
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Analysis of the semi-discrete problem. 1. Well-posedness

NFEM for dynamic contact can be recasted as:
Find u” : [0, T] — V" s.t.:
MMih(t) + B (1) = L(t)
u(0,-) = uf a"(0,-) = ol
with
(AR wh),, = (v, wh)
1
(Bhvha Wh)’yh = A@’yh(vh’ Wh) + / N
Fc7h
(L"(t), ")y, = L(£)(w")

for all vi,wh € V", and
1 1
(v W)y, = (VW) o + (v v T 2w ore-

[P’Yh(vh)]-i-P@’Yh(Wh) dr
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Analysis of the semi-discrete problem. 1. Well-posedness
NFEM for dynamic contact can be recasted as:
Find u : [0, T] = V/ s.t. :
(%) ¢ MMif(t) + Bul(t) = LA(¢)

uh(07 ) = Ug ﬂh(O’ ) = Ug

Theorem (F.C., Hild, Renard)

B" is Lipschitz-continuous:

1B} — B"Z|, < C(1+70)(L +[O])I|vi — v,

for all v{',vé’ evh.C>0 independent of h, © and ~g.

So, for all © € R and g > 0, Problem (%) admits one unique
solution u" € €2([0, T], Vh).
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Find u : [0, T] = V/ s.t. :
(%) ¢ MMif(t) + Bul(t) = LA(¢)
uh(07 ) = Ug ﬂh(O’ ) = Ug

Theorem (F.C., Hild, Renard)

B" is Lipschitz-continuous:

IB"vi — BMS|,, < C(1+70)(1+[O])|v] — V5|5,
for all v{',vé’ evh.C>0 independent of h, © and ~g.

So, for all © € R and g > 0, Problem (%) admits one unique
solution u" € €2([0, T], Vh).

Remark: the same result applies in the frictional case.
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Analysis of the semi-discrete problem.
2. Energy conservation

Proposition (F.C., Hild & Renard)
For a conservative system, i.e., L(t) =0 for all t € [0, T], the
solution u" of NFEM semi-discretization satisfies:

cEb=e-nf

1
— [Py, (uM]ish dT
™ g o [P0 in d

where

© 1 _1
ES = E" — = [lnnZon(h) e = o2 [P (M)l I r

1 . 1
EMn = §P||UhH%,Q + Ea(u", u”)
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Analysis of the semi-discrete problem.
2. Energy conservation
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Proposition (F.C., Hild & Renard)

For a conservative system, i.e., L(t) =0 for all t € [0, T], the
solution u" of NFEM semi-discretization satisfies:

d 1
ZEh = 9—1/ — [Py, (uM)]uh dr
dt © ( )rc’Yh[w'( )t
where
Ey:=E" - > [ny;,zon(u More = v~ 2 [Py, (u )]+Ho,rc]
1. 1
EM = §P||UhH%,Q + Ea(uh, u”)

When © = 1, the augmented energy Eg is conserved.



Time-marching schemes. 1. §-scheme

Parameter is 6 € [0, 1].
For n > 0, the fully discretized problem reads:

Find u"+t afhn+l §hntl e vh such that:
h.n+1 __  hn - h,n+6
u u”’ 4+ Tu R

l']h,n—i-l — l:lh’n + Tijh,n+6’

1
<Puh Hans > + A@vh(uh’nH,Vh) + / % [P'Yh(“h’n+1)]+P@’yh(Vh) dr

Me

= L"(wh), v e vh

\

Well posedness when 6 = 0 or when (1 4+ ©)?~ < C (1 + ph2 )

Stability (augmented energy) when © = 1 (symmetric varlant
0 =1 (backward Euler).
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Time-marching schemes. 2. Newmark scheme

Parameters are § € [0,1/2], v € [0, 1].
For n > 0, the fully discretized problem reads:

( Find w1 ghntl hntl e b such that:
h,n+1 h h 7 h,n+2
u o+l u™? + 70 )N + —1 1+ ﬁ’

l:lh’n+1 — l:lh’n + Tijh,n-i-'y’

. 1
(pii" ™1, v") + Agy, (uh ", v?) + /r o [Py (") Po, (v) T
C

[ = L"), vvhevh

Well posedness when 3 = 0 or when (14 ©)?7, < C (1 + %) .

Stability (augmented energy) when © = 1 (symmetric variant) and
B=1/2,~v=1.
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Time-marching schemes: #-scheme and Newmark
To summarize:

1. For the f-scheme:
numerical stability for arbitrary time-steps 7 only for 6 = 1.

17/30



Time-marching schemes: #-scheme and Newmark

To summarize:

1. For the f-scheme:
numerical stability for arbitrary time-steps 7 only for 6 = 1.
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2. Newmark:
numerical stability for arbitrary time-steps 7 only for v =1,
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3. Especially for Crank-Nicolson: no theoretical proof and no
numerical evidence of (unconditional) stability.
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Time-marching schemes: #-scheme and Newmark
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To summarize:

1. For the #-scheme:

numerical stability for arbitrary time-steps 7 only for 6 = 1.

. Newmark:

numerical stability for arbitrary time-steps 7 only for v =1,

5=}

. Especially for Crank-Nicolson: no theoretical proof and no

numerical evidence of (unconditional) stability.

. Can we design a time-marching scheme that is stable and

(almost) conservative ?



Time-marching schemes. 3. A new hybrid scheme

Hybrid time-discretization of NFEM for dynamic contact:

. hntl ~hntl -hntl h
Find o™ o™ 4" " e v st

. 1
uh,n+1 _ uh,n + Tuh,n+2
- h,n+1 . h . hont+l
o™t = ah" itz
~hntd h b+l h 1 hin  hn+l h 1y
(piE"" 2 W) + Aoy, (u""FE v )+/ = o(uhm, uh ) P, (v dF = L7 (u)
revh
h h
vv' eV
Initial conditions: u® = uf, aM° =k, "0 = ib.
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Time-marching schemes. 3. A new hybrid scheme

Hybrid time-discretization of NFEM for dynamic contact:

. hntl ~hntl -hntl h
Find o™ o™ 4" " e v st

h,n+1 h . hont L
ultmtl — b ghots

. . . h 1
uh,n+1 _ uh,n + Tii nt3
whntl h hntl h 1 hn  hn+l h o+l h
(P72 ") 4 Ay, (U2 V) 4 [ — O(u )Peny, (v') dl = L"72(v")
revh
h h
Vv eV
Initial conditions: u® = uf, aM° =k, "0 = ib.

Hybrid Crank-Nicolson/Midpoint discretization of contact term: )
n ntl n nry
Su"" un ) = H(Py, (WP )Py (0" )] + H(=Poy (u"")) [Py, ()] 2

H(-) is the Heaviside function.
1
Xh,n+2 _ %xh,n 4 %xh,n+1

(Gonzalez, 2000, Hauret & Le Tallec, 2006,
F.C., Hild & Renard, 2015)
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Time-marching schemes. 3. A new hybrid scheme

Hybrid time-discretization of NFEM for dynamic contact:

, Bl -hntl -hontl h
Find u™" g™ imm e v st

. 1
l‘Ih,n+1 _ uh,n + Tuh,n+2
.h.n+l _ -h,n - hnt+l
(HN) u =u + Tu
Lhntl h hn+l: _h 1 B hntl h 1
<pu ’"+27V > +A@7h(u ’n+2vv )+/ — ¢(u ,n’u o )P@"r},(v )dr = Ln+2
reVh
vl e vh
Initial conditions: u™°® = uf, a"° = af ih° = .

19/30
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Time-marching schemes. 3. A new hybrid scheme

Hybrid time-discretization of NFEM for dynamic contact:

. h,n+1 ~hntl = hntl h
Find u™" g™ imm e v st
. 1
l‘Ih,n+1 _ uh,n + Tuh,n+2
~h,ntl _ -hn - hnt+l
(fifV) u =u + Tu
~hntl h hontl 1 b hntl h ntl b
(P72 V) 4 Aoy, (u™" 2 ) + [ — O(uh, u ") Poy, (V) dT = L2 (V)
reVh
vl e vh
Initial conditions: u® = uf, af° =k, "0 = ib.

Proposition (F.C., Hild, Renard)
F(l+ @)2 Y < C (1 + ’%2) then for all n,
Problem (HN) admits one unique solution.
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Time-marching schemes. 3. A new hybrid scheme

Proposition (F.C., Hild & Renard)

Suppose L" =0 for all n > 0 and that Problem (HN) is well-posed. If o small
(or © = —1), then, for all n > 0:

Eh n+1 Eg ,n
=— e/ (H(P"H(P" + P™ ) [P™ ]2
+H H( Pn Pn+1)[Pn]i + [Pn]f[P"+1]+) dr

+wefnﬂ %ﬂwaw”+wﬂp+H«Pnuwm+¢W“h»

h,n+1 h
(u,,‘"+ — u,,‘") dr

with P" = P,Yh(uhvn), P"'+1 — P’Yh(uh,n+1) and

n n e 1 n 1 n
Ee" = EM = = [l Eon(u" i re = I 2 [Py ("]l rc

n 1 - n 1 n n
EM = §P‘|Uh’ 5.0 + Ea(uh’ Ju™")
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Time-marching schemes. 2. A new hybrid scheme
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Corollary (F.C., Hild & Renard)

Suppose L" = 0 for all n > 0 and that Problem (HN) is well-posed.
If vo small and © =1, then, for all n > 0:

h,n+1 h,n
lfk) - lfk)
1
re 27
TH(PH(=P" = PTHIPTE + [P7]-[P™]) dF < 0

=-0 (H(PMH(P" + PHh) P12

So the hybrid scheme is unconditionally stable (for all h,7 > 0).



Numerical experiments. A 1D test-case

Multiple impacts of an elastic bar

=0 t=1 ty=2 ty =

Parameters:

f=0E=1p=1L=1 up(x)=3%—%, io(x) =0
Periodic analytical solution with multiple impacts.
(Dabaghi-et-al, 2014)

Numerical experiments with GetFEM++.
http://download.gna.org/getfem/html/homepage/
Generalized Newton to solve the non-linear problem.

L

x=0

t 3

v

v

v

v
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Numerical experiments. A 1D test-case

Mixed(+Crank-Nicolson) vs. Nitsche(+Crank-Nicolson) vs.
Nitsche-Hybrid

0.6 - 0.03 : y
exact solution exact solution |
0.5~ - ~mixed . 0.025 ~~mixed |
- - Nitsche I - - Nitsche I
0.4 — Nitsche-Hybrid 0.02 —Nitsche—Hybrid
0.3r
= 50.015
0.2r
0.01
0.1
0.005
of
0
=2 4 & 8 10 12 98 10 102 104 105 108 11
t

Displacement

Symmetric variant © = 1, with v = 107,
100 finite elements (h = 0.01), 7 = 0.015.

(F.C., Hild & Renard, 2015)
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Numerical experiments. A 1D test-case

Mixed(+Crank-Nicolson) vs. Nitsche(+Crank-Nicolson) vs.
Nitsche-Hybrid

220y

---mixed
200l - - Nitsche
— Nitsche—Hybrid )
180} 0
1 e P, 2
= t
S3)
140} :
bt
120/ ;
100 PO et i
8 2 4 eta 8 10 12
Energy

Symmetric variant © = 1, with v = 107,
100 finite elements (h = 0.01), 7 = 0.015.

(F.C., Hild & Renard, 2015)
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Numerical experiments. A 1D test-case

Mixed(+Crank-Nicolson) vs. Nitsche(+Crank-Nicolson) vs.
Nitsche-Hybrid

Uy

08 0.8
-1.2]- - -exact solution| - --exact solution| -exact solution
|—mixed [=Nitsche , 7leche—Hyb rid
o 2 4 ? 8 10 12 "o 2 4 6 8 10 12 “o 2 4 ? 8 10
t

Contact pressure

Symmetric variant © = 1, with g = 1079,
100 finite elements (h = 0.01), 7 = 0.015.

(F.C., Hild & Renard, 2015)
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Numerical experiments. A 1D test-case
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Convergence when h,7 — 0

-©-mixed (slope=-0.2)

-©-mixed (slope=0.5)
10" b H <[ <O Nitsche (slope=0.5) -O- Nitsche (slope=-0.2)
1 —©— Nitsche-Hybrid (slope=0.68) 4 —©- Nitsche—Hybrid (slope=0.24)
1 'O modified mass (slope=0.73) 10 & | O modified mass (slope=0.36) [
= 5 = “
10" b L ) -
3 Bt 4 g e
! ! N prc
& £ N PPt
= 407 = e o
5 £ G -9
=~ =~
107t
-3 -1
10 ; ; 10 ; ; ;
107° 10 107" 10° 10 10 107" 10°

Error curves for u: error €™ in norm 12(7; L2(Q)

) and 12(r; HL(Q))

Ratio 7/h is kept constant.

(F.C., Hild & Renard, 2015)



Numerical experiments. A 1D test-case

Convergence when h,7 — 0

-©-mixed (slope=0.011) -©-mixed (slope=-0.42)
-O- Nitsche (slope=0.021) -O- Nitsche (slope=-0.42)
—©— Nitsche-Hybrid (slope=0.29) —6—Nitsche-Hybrid (slope=1.1)
O modified mass (slope=0.36) O modified mass (slope=0.95)
102 @~ 1
E o O_—_—O--._&‘~~ »"‘0__::'9 E
T10° Qmm O Qe TR Qe 0 T
Lo 10
o o
107
107}
10° 107 107 10° 107 10 107" 10°

Error curves for the contact pressure o¢ and for the energy E.
Ratio 7/h is kept constant.

(F.C., Hild & Renard, 2015)
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Numerical experiments. A 3D test-case
Impact of a ball

1000

-mixed
- Nitsche )
fNitsche—Hybrid IR
40- modified mass )

30 o
N B
2 : ;
10 ol
B

0 ——— 20
20 0 10 202° x % 10 20 30 40

50+

Deformed conflguratlon and von Mises strain at t =18, for
Nitsche-Hybrid. Energy E" for different methods.

Parameters: D =40, A =20, n =20, p =1, |f|| =0.1.
P, Lagrange FEM, h ~ 8 (400 elements), 7 = 0.1.
Symmetric variant © = 1, with v = 0.001.

(F.C., Hild & Renard, 2015)
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Conclusions
At the semi-discrete level: NFEM for dynamic contact

1. Consistency.
2. A well-posed semi-discrete problem.

3. Conservation of an augmented energy (when © = 1) in the
frictionless case.
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frictionless case.
Time-discretization of NFEM
1. Nitsche with Crank-Nicolson:
still some spurious oscillations / no energy preservation.

2. Nitsche with the Hybrid scheme:
no spurious oscillations on u + energy almost conserved.

3. Nitsche-Hybrid compares well to the modified mass method.
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Conclusions
At the semi-discrete level: NFEM for dynamic contact
1. Consistency.
2. A well-posed semi-discrete problem.
3. Conservation of an augmented energy (when © = 1) in the
frictionless case.
Time-discretization of NFEM
1. Nitsche with Crank-Nicolson:
still some spurious oscillations / no energy preservation.

2. Nitsche with the Hybrid scheme:
no spurious oscillations on u + energy almost conserved.

3. Nitsche-Hybrid compares well to the modified mass method.
Further work

1. Theoretical study of convergence.

2. Schemes for frictional contact.
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