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o Exponential decay of partial derivatives of solutions to strongly
elliptic parabolic PDEs

@ Extension to Stochastic Hamiltonian Dissipative Systems

e Convergence of diffusion densities to equilibrium densities:
Pointwise estimates (a novel approach?)

0 On the parabolic parabolic 2D Keller-Segel model
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Exponential decay of partial derivatives of solutions to strongly elliptic parabolic PDEs

Motivation

Target result: An accurate estimate on the numerical approximation
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[ o0 dn- > 1)
Decomposition of the global error:
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Exponential decay of partial derivatives of solutions to strongly elliptic parabolic PDEs

Discretization error: Methodology

Set u(t, x) = Ef(Xi(x)) and L := generator of X. Then

%u(t, x) = Lu(t, x)
u(0, x) = f(x)

and
K
k=

K
1 ~h 1 ~<h
K E f(X"):RkE u(0, Xy)
1 —1



Exponential decay of partial derivatives of solutions to strongly elliptic parabolic PDEs

Expansions

A Taylor expansion and the PDE lead to
E u(jh, Xji1) = E u(( + 1)h, Xy) + Rilih
and the remainder term Rj’jk+1 is a sum of terms of the type
Constant x E [w(Y’;) a,u(jh, Xy + 0(Xy 1 — Y’k’)}

where
@ (x) is a polynomial of b, o and their partial derivatives
e 0<i<1



Exponential decay of partial derivatives of solutions to strongly elliptic parabolic PDEs

Thus
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Suppose
|Oiu(t, x)| < Ti(1+ |x|*) exp(—t)

Then: 93X > 0, s € N,

C
Z]E\ k‘_17 (1+\Xk\) h

AND WE ARE DONE WHEN u(t, x) TENDS TO [ f(x) du



Exponential decay of partial derivatives of solutions to strongly elliptic parabolic PDEs

Sufficient conditions (D.T., 1990)

(H1) the functions b, o are of class C*> with bounded
derivatives of any order ; the function o is bounded

(H2) the operator L is uniformly elliptic : there exists a
positive constant a such that :

Vx,£ €RY LY a(Oxix > alx|?
i

(H3) there exists a strictly positive constant g and a compact
set K such that :

vx e R — K, x-b(x) < —p|x|?




Exponential decay of partial derivatives of solutions to strongly elliptic parabolic PDEs

Exponential decay of u

There exist C > 0 and \ > 0 such that

vt > 0, /|u(t, x)[2dp < Cexp(—A\t)

Hint: The Markov chain (Xy) is geometrically recurrent for any 6, and
[ lu(t, x)|?u(dx) is decreasing:

%/|u(z‘, x)|2du:2/u(t,x) Lu(t, x) p(ax)

< —/a}(x) diu(t, x) diu(t, x) du

<0



Exponential decay of partial derivatives of solutions to strongly elliptic parabolic PDEs

From u to Vu: First step

From d

EIU(i‘)I2 — L(Ju(t)[?) = —aj(du(t))(9u(t))
it comes

et %/|u(t)|2du + Ce‘”/|Vu(t)|2du <0
Therefore,

e5T/|u(T)|2du+C/Te“(/Vu(t)|2d/z,) dt
0 .
)
2 St 2
< [ a5 [ ([ lutt) et

Now choose § < A.



Exponential decay of partial derivatives of solutions to strongly elliptic parabolic PDEs

From u to Vu: Second step

There exist C; > 0 and C, > 0 such that

%IVU(I’)I2 — L(IVu(t)[?) = —a(9su(1)(9u(t)) + (9pa)) (95u(1)) (Fpu(1))

+2(9pb)(Bu(1))(Fpu(t))
< —C|DRu(t)2 + Co| Vu(t)?

Choose v < ¢ and proceed as above. It comes:
T
e’ / \Vu(T)[? du + C / evf(/ |D2u(t)>du)dt
0

;
< / ViRdu + (Cs + ) /0 &' / Vu(t) ) ot

Thus, .
/ Vu(t, x)Pdu < Cexp(-~t)



Exponential decay of partial derivatives of solutions to strongly elliptic parabolic PDEs

From LP norm to local estimates

By induction on the order of differentiation: For any multi-index J,
3C, > 0, Ay > 0 such that

/|aJu(t, )2 pu(dx) < Cyexp(—Aut)

Since u has a density p(x) which is strictly positive on any
ball B= B(O,R),

J0uu(t) 2 g < C / uu(t, x)? p(x) ox

By Sobolev’s imbedding Theorem:

Vt> 0, Vx e B, |u(tx) < Cexp(—At)



Exponential decay of partial derivatives of solutions to strongly elliptic parabolic PDEs

From local to global

Similarly, let

T

vt > 0, /|u(t, xX)[Prs(x)dx < C exp(—At)

Hint: Compute <. Split the integrals into integrals on B(0, R) and
R? — B(0, R). On B(0, R) use the preceding. On R? — B(0, R) use the
condition on b(x).

Proceed as above. It comes:

For any multiindex /,

|Ou(t, x)| < Ty(1 + [x|) exp(—it)
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Extension to Stochastic Hamiltonian Dissipative Systems

Stochastic Hamiltonian dynamics

dQ; = 9pH(Qy, P)at,
dP, = —9gH(Qr, Py)dt — Fi(H(Py, Q1)dpH(Qr, Py)dt + Fo(H(P,, Qi))dW,

where H: R4 xR - R, and Fi, F : R — R.

Problems to solve:
@ Existence, uniqueness of an invariant probability measure p
@ The measure 1 has a continuous and strictly positivite density
@ Numerical analysis



Extension to Stochastic Hamiltonian Dissipative Systems

Our main assumptions

@ H, F;, F, are smooth functions;

@ A convexity type assumption on D?H

@ OppH is bounded

@ dJR>0,3Cy >0, Fi(x)>Coforx >R

@ 3Gy > 0, Fa(x) > Gy

@ Boundedness conditions on the derivatives of F?



Extension to Stochastic Hamiltonian Dissipative Systems

Ergodicity of the Hamiltonian process

To get existence of an invariant probability measure  for (Q;, Py):
Uniform in time upper bounds for moments
To get uniqueness , prove:

@ The law of (Qy, P;) has a smooth density for any ¢ > 0: this
results, e.g., from hypoellipticity and a localization technique
(because of the possible unboundedness of dpgH, dqqH)

@ The density is strictly positive everywhere: Michel & Pardoux’s
controllability argument, since the reachibility set of the system

aQf = 9pH(QY, Pr)dt,
dPy = —0gH(QY, Pt)dt — F1(H(P{, Q) 3pH(QY, PY')dlt
+F2(H(PY, QF))urdt

is the whole space.
Remark: the measure p has finite moments of all order.



Extension to Stochastic Hamiltonian Dissipative Systems

Exponential decay of moments of (Q, P;): the

statement

Set

u(t,x,v) :=E [f(X;, Vi) | (Xo, Vo) = (x, V)] — fdu

R2d

Theorem (D.T., 2002)

For any integer m there exist an integer s, and positive numbers Cp,,
~vm such that

ID™u(t)] < Con(1 +1q1°" + |p|*") €xp(—mt), ¥t > 0, ¥(q,p) € R*




Extension to Stochastic Hamiltonian Dissipative Systems

Sketch of the proof of Theorem 1

1. Prove that, for any ball B in R29, there exist C > 0 and
A > 0 such that

vt >0, / lu(t)|Pdu < Cexp(—~t)
B(0,R)

vt > 0, / |D™u(t)]2dp < Cexp(—yt)
B(0,R)
3. By Sobolev’s imbedding Theorem,
V(x,v) € B(0,R), vt>0, |u(t,q,p) < Cexp(—~t)



Extension to Stochastic Hamiltonian Dissipative Systems

Sketch of the proof of Theorem 1 (cont.)

4. Forsome C > 0and v > 0,

vt >0, /IU(t)I%(q, p) dq dp < Cexp(—t)

where, for some integer s,

(@)= a5 117
P (H@p) 1

5. Forsome new C > 0 and v > 0,

vt >0, / |D™u(t)[*7s(q, p) dg dp < Cexp(—7t)

6. Use Sobolev’s imbedding Theorem



Extension to Stochastic Hamiltonian Dissipative Systems

Sketch of the proof of Theorem 1 (end)

Main step: In spite of the degeneracy of the generator L of (Q, Py),
one has

A.3C >0, 3y >0, /|u(t)|2du < Cexp(—ot), Vt >0,

B.3Cx > 0, 3y > 0, /|U |Q|k + |,D‘ )du < Ckp exp(—yket), VE >0,

2
dudt < C, VT >0,

)
C.exp(+T) / (TP dju + /O exp(1)

au
550

Lo . ou ou
D.A similar inequality for %(z‘) — %(t)

du < Cexp(—v2T), VT > 0.



Extension to Stochastic Hamiltonian Dissipative Systems

Open problems

@ Adapt or change the proof when the coefficients have low
regularity

@ Same questions when the drift coefficient satisfies a weaker
assumption (cf. Pardoux et Veretennikov):

X
— - b(x) < —r |x|¢
P = rix
Which is the right convergence rate of |0,u(t)| to 0?

@ Same questions for models and numerical methods studied by
Tony, Gabriel and their coauthors.

Ir>0, Ja> -1, VxeR? - K,
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e Convergence of diffusion densities to equilibrium densities:
Pointwise estimates (a novel approach?)



Convergence

On the convergence to equilibrium by Malliavin

calculus

A representation formula in the one-dimensional case:

D, X; )}
X)) =E |Ix,o0 6 [ 220
P =E [bre o (5

The particular case of the Ornstein-Uhlenbeck:

t
Xt:XO—/ Xs ds+ V2 W,
0
Malliavin derivative: For 0 < 0 < t,
t
DpX; = \/éf/ DsX; ds
0

from which Dy X; = v2 e’~tand |D, X;|[? = 1 — e~?



t
Set| M; .= / e® dWs |. Then
0

X=X e ' +vV2et My
Skorokhod integrals of adapted processes = It6 integrals, thus

V2 et

p(tv X) =E ]IXO e~t+y/2 et Mi>z 1 _e-2 Mt‘|

Forlarge t, (M); = 3(€?' — 1) ~ &-.

M;
p(t,X)l’E I 5 e
Voo /(MY

that is, up to an explicit remaining term,

] = E[HG>37 G]

]
LX)~ —e
p(t, x) o

~PSo

Convergence




Convergence

For general one-dimensional diffusions:
After Lamperti transform,

t
Xy = Xo +/ b(Xs) ds + W;
0
from whichfor0 <6 <t
t
DyX; = exp / b(x,) ds)
0

One then has to consider
"B (Xs) d
5 < [ ef‘))t L) o o Job'(X) ds>
Jo €Xp(2 [} b/(Xs) ds) dv

Trick: For adapted (ut) use
S(F us) = F 6(us) — 3 DgF up d6 = F [} us dWs — 1 DyF up d6




Convergence

Set
t [
My = / exp(fZ/ b(X,) ds) oW
JO 0

Part of the representation formula for p(t, x) becomes

M;
E |}Ixy>x <M>t]

AND NOW? UNDER WHICH CONDITIONS THE REMAINING
TERMS ARE SMALL? — Work in progress



Statistical error

Poisson PDE:

Lu:f—/fdu

t t
u(Xz) = u(Xo) +/0 Lu(Xs) ds+/0 Vu(Xs) - o(Xs) dWs

Then

from which
u(Xk) —“(X°+1/K(f(x)—/fd )ds+1/KVu(X)-o(X)dW
K K Tk, s WK I AT

For functional extensions and numerical applications : see
Bhattacharya, Lamberton-Pages, Pagées and Rey, etc.



Convergence

CLT Theorem (Kutoyants, ...)
Let (Y;) be an d x r-matrix valued adapted process such that

T .
VT >0, / (Y2 ds < 00 P—as.
0
Suppose there exists a non-degenerate covariance matrix C s.t.
i 1T [ vk vik ge P i
Vi<ij<d, => [ YéYids——Clas T—oo
T k=10

Then

1 T
Zr = — Ys dW.
T \/T/O S S

weakly converges to the Gaussian distribution with mean zero and
covariance matrix C := (C").




Convergence

Open problems:

@ Under weak assumptions deduce the CLT theorem for the
statistical error from the CLT for stochastic integrals

@ Dynamical estimation of the variance of the normalized statistical
error along the simulation since Vu is unknown (work in slow
progress)

@ Berry-Esseen theorem and Edgeworth expansions (see
Fukasawa under heavy assumptions):

U\F/ (F(Xs) — /fdu P(G > X)
O()exp( X?)

O(\)R)

a\o



e On the parabolic parabolic 2D Keller-Segel model



Time evolution of the cell density p(t, x) and the concentration of
chemo-attractant c(t, x):

Ap(t,x) =V -(Vp—xpVe)(t,x), t>0, xcR?
ore(t, x) = Ac(t, x) — A c(t,x) + p(t,x), t>0, x€R2

p(O,X) = pO(X)a C(va) = CO(X)v X € R?



Theorem (M. Tomasevic)

Under explicit constraints on (po, o) there exists a unique solution to
the two-dimensional parabolic parabolic Keller-Segel PDE and to
theMcKean-Vlasov non-linear SDE

aX; = xe M(G(t, ) * Vo) (X;)dlt
X {Jg Jus Kies(Xe = y) pls.y) dy ds} ot + V2 aW,,
XO ~ Po, Xt ~ /)(t“ X)dX,

_ a At i Ix2
where Ki(x) := e MVG(t,x)=e 2 exp( )

In addition (p, ¢) uniquely solves the K-S PDE, where

t
c(t,)) = e MG(t,-) * +/ e M=9G(t—s,-) % p(s,-) ds
0

Remark: The corresponding particle system is NON MARKOV



Solutions tend to self-similar solutions

A solution is self-similar iff it writes

X

Vi

where the profile(U, V) satisfies the elliptic PDE

AU+ Ve (UVe(SE - v) =0,
AV + 36 VeV+U=0

(tx) = 3 U(

) and E(t,x):v(%)

Theorem (Corrias, Escobedo,Matos)

Suppose A = 0 and y is large enough. If po € H(R?) then for all p > 1
andr > 2,

lim 77 ||p— Bllrgzy =0 and  lim =7 | Ve — VE| ey = 0
t—oo t—oo




Open problems:
@ Probabilistic interpretation of the previous limit theorem

@ Existence and uniqueness results for the non Markov particle
system with singular interactions (work in progress,
M. Tomasevic and D.T.)
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